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In this note we observe that Theorem 2 of [8] can be reformulated in such 
a way that it is actually applicable in situations other than those where 
projective tensor products of vector measures are being considered. In fact 
using this reformulation we easily obtain the major theorem of [lo] on the 
existence of the inductive tensor product of two vector measures. Other 
possible applications are also indicated. 
Let X, Y, and 2 be Hausdorff locally convex spaces whose topologies are 
defined by the bases of continuous seminorms 8, d, and W, respectively, 
(in the terminology of [19, p. 631). A ssume that U: X x Y + 2 is a continuous 
bilinear map and for brevity write U(X, y) = xy. Let M, N be nonvoid sets 
and ,4?, JV u-algebras of subsets of M and N, respectively. For r ES? and 
q E 9 if CL: JC? ---f X is a finitely additive set function, we define the semi- 
variation of TV with respect to u to be the set function 
where the sup is taken over all finite disjoint families {AJ CA with 
UE, -4, = A (i.e., measurable partitions) and all yi E Y with q(yJ < 1. 
(The set function in (1) is slightly altered from the semivariation defined in 
Section 3 of [9]. However, there are some difficulties with the definition as 
given in [9], where Duchon defines the semivariation as in (1) except that the 
sup is taken over all yd with q(yi) < 1 f or all q E 2. But if Z! is the family of 
aZZ continuous seminorms on Y and q(y) < 1 for all q E 3, then y = 0, and 
the semivariation as defined in [9] is just zero. For this reason the definition 
in (1) is used; this definition is actually quite analogous to the definition of 
semivariation as given in [8] for projective tensor products.) We note the 
following elementary properties of the semivariation. 
PROPOSITION 1. Let Y, r’(q, q’) be continuous seminorms on Z(Y). Then 
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(9 i&J is nonnegatizle, monotone, and subadditive, 
(ii) if I’ < r’, then ha.,. S: tIia,rp ,
(iii) if q < q’, then l;,,v 3 jLq,,r , 
(iv) if t > 0, then pp.tr = ti&). and t/&,,r < pu,, . 
We now make the follozuing definition (see [9, Section 31, and [8, Section 21). 
DEFINITION 1. Let CL: A’ --f X be additive. Then p is dominated with 
respect to (u, Z?!, W) if for each r E 9 there exists a q E 3 and a positive finite 
measure X = A,,, E cu(.M) [12, IV. 2.161 such that 
Remark 1. Note that from Proposition 1 the property of p being domi- 
nated with respect to u does not depend upon the families 2 and W defining 
the topologies of Y and 2. For, if 2’ and g are the families of all continuous 
seminorms on Y and 2, then p dominated with respect to (u, A!‘, W’) clearly 
implies that p is dominated with respect to (u, 9, a). On the other hand, if TV 
is dominated with respect to (u, 2, W) and r’ E B’, there exists an T E W such 
that Y’ < tr and there is a q E 2 and a positive A,,, E ~a(&‘) such that 
&A4 - 0 if AA4 -+ 0. By Proposition 1, j&r, < tfip,, and TV is dominated 
with respect to (u, A”, 9’). Henceforth, we abbreviate p being dominated 
with respect to (u, 2, W) to p being dominated with respect to u. 
Remark 2. The definition of p being dominated given in Definition 1 
coincides with that given by Duchon in [8] for projective tensor products. In 
the terminology of J. Brooks [3], the measure An,r in Definition 1 would be 
called a control measure for &V . 
We now consider the product of vector measures. Let &’ denote the algebra 
generated by the measurable rectangles of M x N, i.e., the algebra generated 
by sets of the form i4 x B, -4 E A’ and B ~Jlr. Let Z be the u-algebra 
generated by AZ. If f~: A -+ X and V: A” - Y are finitely additive set func- 
tions, the product of p x v with respect to u is the set function defined on 
measurable rectangles A x B by the formula p x v(A x B) = p(A) v(B). 
If DE A?, then D can be represented in the form D = uy=, Ai x Bi , 
where Ai E A’, Bi EN and (Ai x BJ are pairwise disjoint, and p x Y 
can be extended to &’ by setting p x v(D) = xy=, ~(4~) v(BJ. This defini- 
tion does not depend upon the representation D and the extension (still 
denoted by p x V) is finitely additive on .zZ. In contrast to the situation for 
scalar set functions, p x Y may fail to be countably additive on &’ even though 
both p and v are countably additive (see [ll, 15, 17). The major problems 
concerning the product of two vector measures (countably additive set 
functions) TV and v are: 
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(I) when is p x v countably additive on d ? 
(II) if p x v is countably additive on &‘, does p x v have a countably 
additive extension from ZI to Z, the completion of Z? These problems are 
considered in [7, 8, and lo] for tensor products and also in [18] for indefinite 
Pettis integrals. In particular, Theorem 2 of [8] contains a sufficient condition 
for a positive solution to problem (II) when Z = X @,, Y (the completion 
of the projective tensor product of X and Y, [19, Section 431) and 
u(x, y) = x By. The main purpose of this note is to show that the result 
in Theorem 2 of [8] remains valid in the more general setting considered 
above. The proof of Theorem 2 of [8] essentially carries over to this setting; 
for the sake of completeness we indicate where the necessary modifications 
occur. 
First, we require the following result which is a modification of Theorem 2 
of [9] for our definition of domination. 
LEMMA 1. Let TV be dominated. For each r ~9 there is a q E d and a 
positive h = A,,, E ca(&) such that 
Proof. Let r EW. There exist t E 2 and positive h E ca(.H) such that 
lim A(A).+i&r(A) = 0. By the continuity of U, there exist p E B and q E 22 
such that r[U(X, y)] <p(x) q(y), where we may assume q > t. Then by 
Proposition 1, p,JA) + 0 as h(A) -+ 0. There is a 6 > 0 such that X(A) < 6 
implies F,,,(A) < 1. By Saks Theorem [12, IV. 9.71, there is a partition 
(Ai: 1 < i < n} of M such that for each i either A(/&) < 6 or Ai is 
a h-atom. If some Aj is a A-atom, then since X(B) = 0 implies i&r(B) = 0, 
&,T(Aj) = sup{r[p(B) ~1: B C Aj 7 q(y) < l} < sup{p[p(B)]: B C Aj} < 00 
by [12, IV.10.21. By the subadditivity (Proposition l(i)), &(M) < cc. 
THEOREM 1. Let p: 4 + X, V: A’- + Y be vector measures with TV domi- 
nated with respect to u. Then the product TV x v (with respect to u) is countably 
additive on =!zf and has a unique countably additive extension from .Z to 2, the 
completion of Z. 
Proof, Let r be a continuous seminorm on Z and choose q E A! and a 
positive X = A,,, E ca(&) such that &r(M) = L < co (Lemma 5) and 
lim A(A)+,, p ,,(A) = 0. Since v is a vector measure, there is a positive B (= &) 
belonging to ca(N) such that lirnsor)+,, q[v(B)] = 0 [5, Theorem l] and we 
may assume q[v(B)] < L for B EN [12, IV.10.21. Let h x j3 denote the 
countably additive extension of the scalar product measure to z [12, III.1 1.21. 
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The conclusion of the theorem will follow if we now show 
DE d [5, Cor. 1, Th. 21. 
Let E > 0 and D E JZI. Then D = iJy=, Ai x Bi , where Ai E A, Bi EN 
and the {Ai} are pairwise disjoint. Choose 6 > 0 such that /3(B) < 6 implies 
q[v(B)] < E and X(A) < 6 implies i&,(A) < E. We may assume that the 
{BJ are arranged so that P(B,) < 6 for i = I,..., k and /?(BJ > 6 for 
i = k + l,..., n. Thus q[v(B,)] < E for i = l,..., k. We now claim that 
h x ,8(D) < S2 implies r[p x v(D)] < 2Le, i.e., 
as desired. 
First note that 
S2 > h x /3(D) > f A(AJ/3(&) >, 6 f h(AJ 
i=li+1 i=ktl 
implies 
so that 
Hence, 
since q[v(B,)/e] < 1 for i = I,..., k and q[v(B,)/L] < 1 for i = k + l,..., tl. 
Remark 3. The proof of Theorem 1 is a very slight simplification and 
modification of the proof of Theorem 2 in [8]. 
Concerning vector measures of bounded variation we have the following: 
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PROPOSITION 2. Let p: M -+ X be a vector measure of bounded variation. 
Then p is dominated with respect to any continuous bilinear map u (and spaces 
K Z). 
Proof. Let r be a continuous seminorm on Z. Then there exist continuous 
seminorms p and q on X and Y such that r(xy) 6 p(x) q(y). For A E J%‘, 
{AJ a measurable partition of A and yi E Y with q(yi) < 1, we have 
where v&) is the variation of p with respect to the semi-norm p. Thus 
pQ,JA) < vuD(p) (A) and since v&) is a finite positive measure, p is dominated 
with respect to u. 
Remark 4. Proposition 2 is just a rephrasing of Theorem 3 of [9] using 
our definition of domination in place of that found in [9]. 
From Theorem 1 and Proposition 2 we immediately obtain the following. 
COROLLARY 1. If EL: &! + X is a vector measure of bounded variation, then 
for any vector measure v: .N -+ Y and any continuous bilinear map u the product 
measure TV x v (with respect to u) is countably additive on & and has a unique 
countably additive extension to z. 
The statement in Corollary 1 is, of course, a generalization of the Corollary 
in [8] where projective tensor products are considered. 
We next show that Theorem 6 implies the major theorem in [lo] concerning 
the inductive tensor product of vector measures. 
THEOREM 2. Let ,u: JH -+ X be a vector measure. Set Z = X Gj, Y and 
u(x, y) = x @y [19, Section 431. Then t.~ is dominated with respect to u. 
Proof. Let p, q be continuous seminorms on X and Y, respectively. Let r 
denote the E-product of p and q, i.e., if 
then 
u = {x: p(x) < l} and v = {Y: n(r) < 11, 
r(z) = sup 
for 
Z=fxi@yiEX@Y 
i=l 
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[13, p. 3311. For x’ E S’, let .x’p be the scalar measure .x’,(A) = (s’, p(J), , 
A E A. For A E A?, 
p,,,(d) = sup 1~ [I p(AI) @ yi]: {Ail- partition of-q, 4(yi) < 11 
since I( y’, yJ/ 6 1 for y’ E V” and q(yi) < 1. Now U” is an equicontinuous 
subset of X’ and p: A’ -+ X is countably additive, so r = {x’p: x’ E U”} is 
relatively weakly compact in cu(A) [20, Theorem 21. By IV.9.2 of [12], there 
is a positive h (= A,,,) belonging to M(A) such that r is uniformly absolutely 
continuous with respect to A. From (2), limA~A,-o&&A) = 0 and p is domi- 
nated with respect to u. 
Theorems 1 and 2 of course yield the major result in [lo] on the existence 
of countably additive extensions for inductive tensor products of vector 
measures. 
In certain situations it may also be possible to apply Theorem 1 to operator- 
valued measures. For the sake of convenience we only consider the situation 
where E and F are B-spaces and L(E, F) is the space of bounded linear 
operators from E into F equipped with the usual operator norm. If we then 
set X = L(E, F), I’ = E, Z = F, and define u: X i< Y + Z by u( T, x) = TX, 
then the semivariations with respect to u (and the norms of E and F) of a 
set function t.~: A’ - X is just the usual semivariation considered for operator- 
valued set functions (see [4, 1.4; 1; 61). I n order to apply Theorem 1 in this 
setting it is necessary to have the vector measure CL: A! -+ L(E, F) dominated 
with respect to U. In this situation there are several well-known conditions 
equivalent to p being dominated; for example, it is necessary and sufficient 
that the semivariation of p be continuous from above at 4 [6, *-Theorem] 
(see also [2, Theorem 61, where other equivalent conditions may be obtained). 
In particular, it is observed in [6, *-Theorem] that if F contains no subspace 
isomorphic to co , then any countably additive (with respect to the uniform 
operator topology) measure p: A! + L(E, F) is always dominated. 
When products of operator-valued measures are considered, the product 
considered is usually not with respect to the bilinear map ZJ above, but rather 
the situation is the following: E is a B-space and X = Y = Z = L(E) 
with v: X i< Y + Z given by v(T, S) = TX If CL: A + L(E) and 
v: M ---f L(E) are operator-valued measures, their product is usually con- 
sidered with respect to the bilinear map v. This is the situation usually 
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considered for products of spectral measures (see [14], [16]). Again to apply 
Theorem 6 it is necessary to have TV (or V) dominated with respect to v. The 
results indicated in the paragraph above can be used to give conditions which 
ensure domination with respect to v. This follows from Proposition 3. 
PROPOSITION 3. Let &, , p, denote the semivariation of p: A + L(E) with 
respect to v and u, respectively. Then 
(i) F,(A) < ,&(A) for each A E ~2’. 
(ii) pu finite implies & Jinite. 
(iii) j& continuous at + implies pV continuous at 4. 
Proof. For (i), we have 
pV = sup (11 +(AJ Ti 11 : {Ai} partition of A, Ti E L(E), Ij Ti Ij < l} 
= sup (11 C;U(AI) Tix 11 : {AJ partition of A, 11 Ti [I < 1, II x 11 < 11 
< &(A) since II Tix 11 < 1 for II Ti 11 < 1 and /I x 11 < 1. 
Conditions (ii) and (iii) clearly follow from (i). 
From the result of Dobrakov noted above, we see that if E contains no 
subspace isomorphic to c,, , then any set function p: &? --f L(E) which is 
countably additive with respect to the uniform operator topology is dominated 
with respect to v and Theorem 1 is applicable. It should be pointed out that 
whereas the product with respect to v considered above is the product 
considered for spectral measures, the results indicated above are not appli- 
cable to most spectral measures since these measures are only countably 
additive in the strong operator topology and not countably additive in the 
uniform operator topology. 
Concluding Remark. Theorem 1 shows that dominancy for one of the 
vector measures is a sufficient condition for the existence of a countably 
additive extension for the product of two vector measures. It would be 
desirable to know to what extent the condition of dominancy is also necessary. 
That is, if u is fixed and the vector measure CL: .M + X has the property 
that for each vector measure V: .N -+ Y the product p x v (with respect to u) 
has a countably additive extension to 2, is p necessarily dominated with 
respect to u? 
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